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THE HYDRODYNAMIC LUBRICATION OF NEAR~INFINITE
SLIDERS SUCH AS PISTON RINGS
By Charlses P. Boegli

SUMMARY

The lubrication of a piston ring is treated as though the ring
vaere a rigid slider of finite width. An erpression is cbtained for
pressurs distribution which takes into account the effect of oil
leakage from the ends of the ring and which has the convenient form
of an end correction to the pressure-~distribution formula for an
infinite slider. The important formulas are summarized for con-
venience and two examples are included of their use in finding the
pressure pattern over wide sliders. The method used in this paper
is shown to bs applicable to sliders of length-to-width ratios ap
to unity.

INTRODUCTTON

Although the hydrodymamic aspect of piston-rine lubrication
has been investigated at scwune length, the investlrations have
considerad the ring as a rigid infinite slider. 3uch a treatment
is justified for the greater part of the ring circumference, that
is, the slider width, because by virtue of the large ratio of ring
circumference to face width, that is, slider length, the ring does
behave almost as an infinite slider. The assuzmption of infinite
width fails at each end of the ring where, as a consequence of the
side leakage of oil, the actual load carried by the oil film is less
than that indicated by the infinite~slider equation.

An investigation of the hydrodynamic lubrication existiing at
the ends of the ring has been conducted at the NACA Aircraft Engine
Research Laboratory. The first part of the investigation consisted
of an analysis by means of the rigorous classical method of Michell,
which may be found in many sources as, for example, the text by
Boswall (reference 1, p. 108). The calculations, normally of great
length, became so intricate for a piston ring that they were not
completed. The investigation was continued using the approximate
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method of analysis proposed by Stodole (referercd 2) and developed

by Boswall (reference 1, p. 1L4Lh)« This method is based an the asswnp-
tion that the pressure at any point on a slider can be represented by
a product of two functions, one of the coordinate in the dirsction of
the slider length and the other of the coordinate in the direction of
the slider width. In the cases that were analyzed by both methods, the
results obtained by means of this approximate method checked closely
with the results obtained by the exact classical method.

The anproximate method was also found to be too intricate for
investigating the oil-pressure pattern at the ends of the ring. A
simplification of Gtodola's approximate methad was thoarefore made for
the special case of piston rings by assuming that the pressure at any
point in the oil film is not only a product of functions of the width
and length of the slider, but also ihat the pressure distribution at
the midpoint of the width is that of a glider of infinite width.

This second assumption makes nossible ithe evaluation of the pressure
functions as simple eyuations involving the geometry of the slider.
The complets simplified nethod is a newr procedure for pressure calcu—
lations apolicable to near-inlinite sliders, which by definition
fulfill the condivion that at the midpoint of thn width, the prossure
distribution is the sanme s that for an infinites slider.

Following the derivation of the method, a summary of the
important equations with an example of their use in finding pres—
surz distributions is presentoed; the eyuabions are easily us~d with-
out reference to the theorctical work. The simplified method can be
used as a guide in the design of piston rings to achisve the maximum
load capacity without cxcossive wear at the ends. 4 discussion of
tiie use of thass comnutations in ring cdesign is given at thz end of

he papor.

It is shown in the appendix that the mathod described in this
paver is not limited only to sliders of length-to-width ratios of
the order of 0.003, but is applicadle for ratios up to unity. The
work of Muckat, Morgan, and Meres (relorence 3) on tho character-
istics of Finitn slidere is at least as simnle as the preosent method
for determinations of load-carrylinc capacits of finitas sliders, but
the variation of pressure over “he sliding nwrea is not obtained as
in this papur by sinpls calculaticns.

ANALY.IS

The starting point for the analysis of wifle-slider lubrication
is the general differential equation of Reyuolds:

2ED-2CEDkn o
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In this equation @, h, U, and P are the oil viscosity, the
0ll-film thickness, the slider velocity, and the oil pressure at
any point (x,z) on the slider surface. 'The usual assumptions
of constant oll viscosity and flat slider surfaces will now be
made, and the dimensional variables can be replaced with dimen-
sionless variables by making the substitutions

X =X, + Lx)
z = Bzy
h

he (1 + bxy)

b= e

where L and B are the length and width of the slider and hg
and p, represent condig}ons at the outlet edge. (See fig. l.)

Figure 1

The variables x; and zq are the fractional distances across the
length and width of the slider. Equation (1) becomes

aa;l- [(1 + bx;)? g%] + N2 (1 + bxy)3 :::2 - Ab (2)
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in which N is the ratio of the slidsr length to the slider width

and A is the product .GEQEUE , which contains all the dimensional
parameters. hy

It will now be assumed that the pressure at any point can be
expressed as the product of two functions

P=A" F(xl) 'f(Zl) (3)

The value of P from equation (3) is substituted in eguation (2),
with the result

ar 2
c%l [(1 + bx1)> £(z3) _5;312] + N2 (1 + bxp) F(x1) %i.;l_) =b (L)

The next step is to find the forms of the two functions in equa- .
tion (3). By the definition of a near-infinite slider the pressure
distribution along 2z = 0.5 1is the same is that for an infinite
slider. The form of F(x3) is consequently the usual form of this

function for an infinite slider (reference 1, p. LL),

bxy (x3 - 1)
F(xy) =
Yo (bxy + 1)° (5)

In order to find the form of f£(2z1), equation (L) is solved

for the condition where xy = x;; x; 1is the value at which
dar
F(x1) has its maximum value. Since ;:1) is zero along this
line, 1
2
J
— o - 6
d512 ) ( 1) ﬁf ( )
1 sz(xl)
vhere M designates the value of = and
X1™%p
J designates the value of b(%T—_i><; o The solution
1. bxm)5/

of equation (6) is

nzl -nzl
£(z) = Cqye + Coe + C3 (7
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dJ
03 - i

The integratian constants C; and Cp are determined from the

boundary conditions that f£(z;) disappears at zp = 0 and 1,
This conditign -occurs when

Gy = 4 (fi.:l)
M\.n | om2
J/ 1 - &P
Comif l=—-¢
2 u(:en _ e-%:)

For the spccial case where %] = X; and 2y = z,, that is, where
P is a maximum, equation (6) is simplified to

2

d f(Zl)
M+ N — -J (8)
dzq
Zl-Zm
A number of approximations in cquations (7) and (8) are now

in order. As the ratio of width to length of the slider approachss

infinity, the valuz of N2 rapidly dscreases, approaching zero.

2
def(z
The value of -—-S-ll s Which is also zero for an infinitely wide

dzlz
slider, does not differ much from zero for a near-infinite slider.
The second term in equation (8) may conscquently be completely
noglected;

JRM
and

]l

=i

Then by equation (7)
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22 a-Byo L
N2 N2
~-n
-1 0 -
cl=,J(e ) Jo-1) __ 1
M(e™ - e™) (e® - 0) e?
_.n _.n
Gy = J(1 - e7) (-e™) -1

M(e” - =) " (e” - 0)

J
Cﬁ—ﬁml

‘he form of the I(z3) then becomes
£(zy) = 1 - (1= 21) _ gy (9)

and it only remains to evaluats J 1in terms of known quantities
so thot n may be found. The derivative of equation (5) is sat
equal to zero, resulting in

- ™ 1

* b+ 2
‘When this quantitr ir substitnted in the expression for J given
"after equation (6), it is possinle to comwt J directly from
the known valae o b

(e a2t
2(b + 1)

In this exmosition the boundary pressurns have alwavs been
considered zerc. The rasulting equations vive tie priesure abovae
the boundary nressure at any soint on the slider, it in Stodolals
method the actual prassurc is coasidered to be:

r

P2 = + 1.[-'1

where
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P1 boundary pressure assumed constant over all boundaries of the
slider

P, actual pressure
and P 1s given by equation (3).

For any fixed value of 327 each value of the pressure coef-
ficient calculated for an infinite slider from equation (5) is
multiplied by a factor obtained from equation (9)3 it is therefore
dovious that the integral of equation (3) also contains the same
factor. Thus, the load per unit width carried by the slider varies
with 2z} in proportion to the value of function (9).

The important equations of the precceding analysis are summa-
rized for convenience in use:

P=A*F(xy) * £(z) (3)
bxy(x1 ~ 1)
F=1) (b + 2) (bxy + 1)°2 (5)

£(z1) =1 - e (1 - 21) _ g-nm (9)
The valuss of the constants in these equalions are obtained from
6p°UL
A = —
h

o]

where

sa_ (be2)h

2(b + 1)2
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EXAWPLES OF APPLICATION

The pressure distribution over a slider of length-tow-width
ratio of 0,003255 and ratio of inlet—film thickness to outlet-—film
thickness of 2.20, that is, b = 1.29, will now bc investigated. The
value of 0.003255 is chosen because it represents the proportions of
ons face of 6%—inch biconically faced piston ring. The wvaluz of 2,20
is arproximately the ratio that gives the maximum load-—carrying capac-—
ity for an infinite flat slider, if the pressure and temperature
erfects on viscosity ars ipgnored (determinzd from refercnce 1, p. L2).
For such a slider, equatlion (5) becomes

1.20x1(x1 - 1)
(3.20)(1,20%; + 1)2

F(xl) =
The value of J is

L
- $3:20)7 . 15,336
2{2.20)2

and n may be found from N and J

/10.5%6

0.,00%255 1011

n=

Thce equation for the prassure distribution in the 2z direction
from equation (9) is

£(z) = 1 - e 10111 = z1) _ ~1011z;

The product of the valucs of F(x7) and £(zy) for any
sa2lected values of =x7; and zy giwes,when multiplied by A, the
actual magnitude of the pressur~ at the point (1, Zl)' It is
conveniznt, however, to plot the values of 7(xy) > £(z1) since
this tyne eof graph 1llustrates the shape of the orassurec pattern
over the slider without invelving circamstances that limit the
g-merality of the solution,.
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Flgure 3

Figure 2 shows the locations of isobars at the end of the glider.
The 8cales for xj3 and 23 have been 80 chosen that the figure
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exhibits the proportions of a piston ring. For comparison with
figure 2; figure 3 gives the same information on an identical
glider for which, however, b = ;00. Tt is clear in w#hat manner
the pressure decrsases to mero at the end of tne siidar: at
0.17% inch from the end of the slider feor which b = 1.20 the
pressure dlistribution is within 0.01 percent of thatl for an
infinite slider.

APPLTCATION OF MRTFCD TO PISTUN-RING DESIGN

This :ethod of pressure-distribution calculation should be
applicable to piston rings, whicn are certainly as near infinite
as any practical slider, il thay zavn hydrodyramically lubricated.
There is nc douni that hydrowrasaic T-mrication does exist, at
least part of the time. betwnen picicu ring ard cylinder (refer-
ence L) and that under rilm luocicitizn the ends of a pision ring
cannot support any load. Rguailcn (%), however, shows exactly
how the ring pressure must decrease in th» vicinity of the ends
and should thersfore be of use in tiie design of rings. Figures 2
and % make it evident that the elfects of end leakage can be com-
pletely ignored except within about 0.2 inch of the end. If the
pressure exerted along the ring were adjusted in accordance with
equation (2), the entire altaration wonuld be within 0.2 inch of
the end. The application of this equation, therefore, does not
imply the abandonment of plus-circularity, which is desirable in
rings.

Strictly speaking, the method described in this report is
applicable only to sliders for which the film thickness is constant
along the entire ridth; this condition is not fulfilled in the case
of piston rings. If the effect of a change from a finite to an
infinite slider at the ond of the ring extends inward no further
than 0.2 inch, then it is unlikely that a small change in film thick-
ness will have any other than a strictly local effect. Each portion
of the ring consequently behaves as though it were infinitely long
and the method should be applicabls to the ends without considering
conditions further in than about 0.3 inch from the end.

Aircraft Engine Rescarch Laboratory,
National Advisory Committeec for Aeronautics,
Cleveland, Ohio.
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APPENDIX

- APPLICABILITY OF SIMPLIFIED METHOD

In an effort to determine the range of applicability of the
method described in the report, the W/Wee ratio (the ratioc of the
actual load carried to the total load supported by an equal segment
of an infinite slider) has been related to the length-to-width
ratios of a series of sliders for which b = 1.5. This value of b
results in the minimum coefficient of friction. The comparison of
the W/MWe ratio thus determined to the actual W/W, ratio found
by Kingbury's experimental method (reference 5) gives an indication
of the range over which the simplified method 1s usable.

The theoretical W/We ratio is iumediately obtained by inte-
grating f£(21), equation (9)

W fl [l _ ohZL _ e—n(l - zl)] dzy

wz-o -

-[l - 72-; (1- e':“)]

For cach N +the valuc of n is first calculated, and the W/ ¥
ratio can then ba found. The comparison of the W/« ratio thus
computad with the actual #/“& ratio is shown in figurs L.

1.0
o N
3 -8 ~——calculated
ol ——a.:tua:ljd{
al b =15
[«] K] L.. - ]
—~jd 06
[ \
3 Y
E E o,-l- T
5 N
Lfi 2 I Q‘ \\
\ J

Length of slider
Width of slider

Figure L
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These preliminary calculations seem to indicate that the range of
applicability of the new mcthod is wider than was originally antic-
inated. Although much more verification will have to be made,
especlally for other valuzs of b, it appears that the method is
usable at least for total load determinations in the range of
N=2t%ol.
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